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1 Introduction 

Positivity properties of general linear second-order elliptic and parabolic 
equations have been extensively studied over the recent decades (see for 
example gzunHi and the references therein). The purpose of the present 
paper is to review a variety of recent developments in the theory of positive 
solutions of such equations and to point out a number of their (sometimes 
unexpected) consequences. The attention is focused on generalizations of 
positivity properties which were studied by Barry Simon in the special case 
of Schrodinger operators. Still, the selection of topics in this survey is in¬ 
complete, and is according to the author’s working experience and taste. 
The reference list is far from being complete and serves only this expose. 
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The outline of the paper is as follows. In Section [21 we introduce some 
fundamental notions that will be studied throughout the paper. In partic¬ 
ular, we bring up the notions of the generalized principal eigenvalue, crit¬ 
icality and subcriticality of elliptic operators, and the Martin boundary. 
Sectionjniis devoted to different types of perturbations and their properties. 
In Section [11 we study the behavior of critical operators under indefinite 
perturbations. In sections El and El we discuss some relationships between 
criticality theory and the theory of nonnegative solutions of the correspond¬ 
ing parabolic equations. More precisely, in Section El we deal with the large 
time behavior of the heat kernel, while in Section El we discuss sufficient 
conditions for the nonuniqueness of the positive Cauchy problem, and study 
intrinsic ultracontractivity. 

In Section O we study the asymptotic behavior at infinity of eigenfunc¬ 
tions of Schrodinger operators. The phenomenon known in the mathemat¬ 
ical physics literature as ‘localization of binding’, and the properties of the 
shuttle operator are discussed in sections El and El respectively. The exact 
asymptotics of the positive minimal Green function, and the explicit Martin 
integral representation theorem for positive solutions of general Z'^-periodic 
elliptic operators on are reviewed in Section IIOL We devote Section CH 
to some relationships between criticality theory and Liouville theorems. In 
particular, we reveal that an old open problem of B. Simon lProblem l9.1|) is 
completely solved (see Theorem I1 1 .211 . In Section El we study polynomially 
growing solutions of Z'^-periodic equations on M'’*. We conclude the paper in 
Section ESI with criticality theory for the p-Laplacian with a potential term. 

2 Principal eigenvalue, minimal growth and clas¬ 
sification 

Consider a noncompact, connected, smooth Riemannian manifold X of di¬ 
mension d. For any subdomain C X, we write D d O if is a compact 
subset of n. The ball of radius r > 0 and center at xq is denoted by B{xo, r). 
Let f,g& C'(n), we use the notation / x ^ on L) C 0 if there exists a positive 
constant C such that 

C~^g{x) < f{x) < Cg{x) for all x £ D. 

By 1 , we denote the constant function taking at any point the value 1. 

We associate to any subdomain Q <£ X an exhaustion of O, i.e. a se¬ 
quence of smooth, relatively compact domains such that Oi / 0, 

C rij+i and = 11. For every j > 1, we denote = fl \ flj. We 
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say that a function / G vanishes at infinity of Q if for every e > 0 

there exists G N such that |/(x)| < e for all x G 

We associate to any such exhaustion a sequence {Xj{x)}JLi of 

smooth cutoff functions in fl such that Xj(x) = 1 in Oj, Xji^) = 0 in 
Q \ and 0 < Xj{x) < 1 in fl. Let 0 < a < 1. For W G C"(n), we 

denote Wj(x) = Xjix)W{x) and Wj{x) = W{x) — Wj(x). 

We consider a linear, second-order, elliptic operator P defined in a subdo¬ 
main ^ <Z X. Here P is an operator with real Holder continuous coefficients 
which in any coordinate system ([/; xi,..., Xd) has the form 

d d 

P{x, dx) = - aij{x)didj + ^ bi{x)di + c{x), (2.1) 

ij=l 2=1 

where di = dfdxi. We assume that for each x G H the real quadratic form 
Yli is positive definite on 

We denote the cone of all positive (classical) solutions of the elliptic 
equation Pu = 0 in H by Cp(H). We fix a reference point xq G Hi. Prom 
time to time, we consider the convex set 

/Cp(H) := {u G Cp(H) I u { xq ) = 1} 

of all normalized positive solutions. In case that the coefficients of P are 
smooth enough, we denote by P* the formal adjoint of P. 

Definition 2 . 1 . For a (real valued) function V G (^"(H), let 

Ao(P, H, V) := sup{A G M | Cp_Ay(H) 0} 

be the generalized prineipal eigenvalue of the operator P with respect to the 
(indefinite) weight H in H. We also denote 

XooiP, H, H) := sup Ao(P, H \ K, H). 

K& 

For a fixed P and H, and H = 1 , we simply write Aq := Ao(F’, H,l) and 
Aoo := Xoo{P, H, 1). 

Definition 2 . 2 . Let P be an elliptic operator of the form dZU) which is 
defined on a smooth domain D ^ X. we say that the generalized maximum 
principle for the operator P holds in D if for any u G C‘^{D) n C{D), the 
inequalities Pu > 0 in D and n > 0 on dD imply that u >0 in D. 
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It is well known that Xo{P, ^,1) >0 if and only if the generalized max¬ 
imum principle for the operator P holds true in any smooth subdomain 
D 

The following theorem is known as the Allegretto-Piepenbrink theory, 
it relates Aq and X^o, in the symmetric case, with fundamental spectral 
quantities (see for example piizicn] and the references therein). 

Theorem 2 . 3 . Suppose that P is symmetric on and that Xq > — oo. 

Then Aq (resp. AooJ equals to the infimum of the spectrum (resp. essential 
spectrum) of the Friedrich’s extension of P. 

Therefore, in the selfadjoint case, Aq can be characterized via the classical 
Rayleigh-Ritz variational formula. In the general case, a variational principle 
for Aq is given by the Donsker-Varadhan variational formula (which is a 
generalization of the Rayleigh-Ritz formula) and by some other variational 
formulas (see for example ISHEHl). 

Definition 2 . 4 . Let P be an elliptic operator defined in a domain 17 C Af. 
A function u is said to be a positive solution of the operator P of minimal 
growth in a neighborhood of infinity m 17 if u G Cp{Q*) for some j > 1, and 
for any I > j, and v G U (917/) n Cp(I7^), if u < u on cA7/, then u < v 

on 17^. 

Theorem 2.5 (H). Suppose that Cp(fl) / 0. Then for any xq G 17 the 
equation Pu = 0 has (up to a multiple constant) a unique positive solution 
V in id \ {xq} of minimal growth in a neighborhood of infinity in 17. 

By the well known theorem on the removability of isolated singularity 
we have: 

Definition 2 . 6 . Suppose that Cp(I7) ^ 0. If the solution v of Theorem 12.51 
has a nonremovable singularity at xq, then P is said to be a subcritical 
operator in 17. If v can be (uniquely) continued to a positive solution v of 
the equation Pu = 0 in 17, then P is said to be a critical operator in 17, and 
the positive global solution v is called a ground state of the equation Pu = 0 
in 17. The operator P is said to be supercritical in 17 if Cp(I7) = 0. 

Remarks 2 . 7 . I. In EH, B. Simon coined the terms ‘(sub)-(super)-critical 
operators’ for Schrodinger operators with short-range potentials which are 
defined on M'’*, where d > 3. The dehnition given in EH is in terms of the 
exact (and particular) large time behavior of the heat kernel of such oper¬ 
ators (see [75 [ p. 71] for the root of this terminology). In |43j . M. Murata 
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generalized the above classification for Schrodinger operators which are de¬ 
fined in any subdomain of d> 1. The definition of subcriticality given 
here is due to E 2 - 

2. The notions of minimal growth and ground state were introduced by 
S. Agmon in PQ. 

3. For modified and stronger notions of subcriticality see [21IS2]- 

Outline of the proof of Theorem \2.5\. Assume that Cp{Vt) ^ 0 and fix xq G 0. 
Then for every j > 1, the Dirichlet Green function (x, y) for the operator 
P exists in Oj. It is the integral kernel such that for any / G (^“(n), the 
function Uj{x) := Gp'’(x, y)/(y) dy solves the Dirichlet boundary value 
problem 

Pu = f in Dj, u = 0 on dOj. 

It follows that Gp^(-,xo) G Cp{Qj \ {xq}). By the generalized maximum 
principle, {Gp-’(x, xo)}^i is an increasing sequence which, by the Harnack 
inequality, converges uniformly in any compact subdomain of D\{xo} either 
to Gp(x,xo), the positive minimal Green function of P in D with a pole at 
Xq (and in this case P is subcritical in D) or to infinity. 

In the latter case, fix xi G D, such that xi 7 ^ xq- It follows that the 
sequence Gp {■,xo)/Gp (xi, xq) converges uniformly in any compact subdo¬ 
main of D \ {xo} to a ground state of the equation Pu = 0 in D, and in this 
case P is critical in D. □ 

Corollary 2.8. (i) If P is subcritical in Q, then for each y G D the Green 
function G^{-,y) with a pole at y exists, and is a positive solution of the 
equation Pu = 0 of minimal growth in a neighborhood of infinity in 0. 
Moreover, P is subcritical in D if and only if the equation Pu = 0 m D 
admits a positive supersolution which is not a solution. 

(a) The operator P is critical in D if and only if the equation Pu = 0 m 
D admits (up to a multiplicative constant) a unique positive supersolution. 
In particular, dimCp(D) = 1. 

(in) Suppose that P is symmetric on G^(D) with respect to a smooth 
positive density V, and let P be the (Dirichlet) selfadjoint realization of P 
on L‘^{Q,V{x)dx). Assume that A G (Tpoint(P) admits a nonnegative eigen¬ 
function ip, then A = Ao and P—XqV is critical in 11 (see for example m)- 

(iv) The operator P is critical (resp. subcritical) in Q if and only if P* 
is critical (resp. subcritical) in D. 

As was mentioned, (sub)criticahty is related to the large time behavior 
of the heat kernel. Indeed, (sub)criticality can be also defined in terms 
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of the corresponding parabolic equation. Suppose that Aq > 0. For every 
j > 1, consider the Dirichlet heat kernel kp^ (x, y, t) of the parabolic operator 
L := dt + P on Qj x (0, oo). So, for any / e (7^(0), the function Uj{x, t) = 
/q' 0 /( 2 /) dy solves the initial-Dirichlet boundary value problem 

Lu = 0 in X (0,oo), tt = 0 on dQj x (0,oo), u = f on x {0}. 

By the (parabolic) generalized maximum principle, {k^^ is an 

increasing sequence which converges to kp{x,y,t), the minimal heat kernel 
of the parabolic operator L in O. 

Lemma 2.9. Suppose that Aq > 0. Let x,y € Ll, x ^ y. Then 

k^{x,y,t)dt<oo (resp. kp{x,y,t) dt = 00 ), 

if and only if P is a subcritical (resp. critical) operator in n. Moreover, if 
P is subcritieal operator in n, then 

pOO 

Gpix,y)= k^{x,y,t)dt. (2.2) 

Jo 

For the proof of Lemma 12.91 see for example m Note that if A < Aq, 
then the operator P — A is subcritical in 12, and that for A < Aq, the heat 
kernel kp_^{x, y, t) of the operator P — A is equal to e^^kp{x, y, t). 

Subcriticality (criticality) can be defined also through a probabilistic 
approach. If the zero-order coefficient c of the operator P is equal to zero in 
12, then P is called a diffusion operator. In this case, PI = 0, and therefore, 
P is not supercritical in 12. Moreover, for such an operator P, one can 
associate a diffusion process corresponding to a solution of the generalized 
martingale problem for P in 12. This diffusion process is either transient 
or reeurrent in 12. It turns out that a diffusion operator P is subcritical in 
12 if and only if the associated diffusion process is transient in 12 (for more 
details see [HSI)- A Riemannian manifold X is called parabolie (resp. non- 
parabolie) if the Brwonian motion, the diffusion process with respect to the 
Laplace-Beltrami operator on X, is recurrent (resp. transient) [d2) . 

Suppose now that P is of the form (EH), and P is not supercritical in 
12. Let (f G Cp(12). Then the operator P*^ acting on functions u by 

P'^u := —P{(pu) 

T 
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is a diffusion operator, and 

kp^{x,y,t) = -^kp{x,y,t)tp{y). 
ip{x) 

Therefore, P is subcritical in 0 if and only if P'^ is transient in fl. 

We have the following general convexity results. 

Theorem 2.10 ( |54|1. (i) Let V G F / 0 and set 

Sp = Sp{P, fl, y) = {A G M I P — XV is subcritical in 12}, (2.3) 

So = S'o(P, 12, y) = {A G M I P — XV is critical in 12}. (2.4) 

Then S ■.= Sp Id So V M. is a elosed interval and Sq C dS. Moreover, if 
(S' 7 ^ 0, then S is bounded if and only ifV ehanges its sign in 12. 

(a) Let IT, y G C°‘{Ll), then the function Xo{y) ■= Ao(P — yW,Q,V) is 
a concave funetion on the interval G M | |Ao(/i)| < oo}. 

Proof. For 0 < s < 1, and Tq, Ti G C“(12), let 

P, := P + sTi + (1 - s)To. 

Assume that Uj are positive supersolutions of the equations PjU > 0 in 12, 
where j = 0,1. It can be verified that for 0 < s < 1, the function 

Us{x) := [Mo(a;)]^~''[ 1 ^ 1 ( 3 :)]^ 

is a positive supersolution of the equation PgU = 0 in 12. Moreover, for any 

0 < s < 1, Us G Cp^(12) if and only if Vq = Ti, and uo,ui G Cpp(12) are 

linearly dependent. The lemma follows easily from this observation. □ 

Corollary 2.11 H54| and |76|). Suppose that Ps := P + sVi + (1 — s)To 
is subcritical in 12 for s = 0,1. Then for 0 < s < 1 we have 

G% (x, y) < [G% (x, y)] (x, y )]" . (2.5) 

Remark 2.12. The dependence of Aq on the higher order coefficients of 
P is more involved. In m it was proved that in the class of uniformly 
elliptic operators with bounded coefficients which are defined on a bounded 
domain in Aq is locally Lipschitz continuous as a function of the first- 
order coefficients of the operator P. A. Ancona [7j proved that under some 
assumptions, Aq is Lipschitz continuous with respect to a metric dist(Pi, P 2 ) 
measuring the distance between two elliptic operators Pi and P 2 in a certain 
class. Ancona’s metric depends on the difference between all the coefficients 
of the operators Pi and P 2 . 
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If P is subcritical in fl, then Cp(n) is in general not a one-dimensional 
cone. Nevertheless, one can construct the Martin compactification Qp of 
Q with respect to the operator P (with a base point xq), and obtain an 
integral representation of any solution in Cp{^}). More precisely, the Martin 
compactification is the compactification of such that the function 


Kp{x,y) := on O x \ {(xq,xq)} 

has a continuous extension Kp{x, 77 ) to x \{xo}), and such that the set 
of functions {Kp{-,r])}^^QM separates the points of Qp. The boundary of 
^p is denoted by dp^ and is called the Martin boundary of Q with respect 
to the operator P. For each ^ e dpQ, the function Kp{-,^) is called the 
Martin function of the pair (P, fl) with a pole at Note that for ^ £ dp^, 
we have Kp{-,f,) G )Cp{Q). The set pQ of all ^ G such that Kp{-,^) 
is an extreme point of the convex set JCp{Q) is called the minimal Martin 
boundary (for more details see jEl ^1 IHHl IMl and the references therein] ) . 

The Martin representation theorem asserts that for any u G /Cp(n) there 
exists a unique probability measure p, on dp Q which is supported on d^pQ. 
such that 

n(x) = f Kp{x,f)dp{^). 

Jd^n 

There has been a great deal of work on explicit description of the Mar¬ 
tin compactification and representation in many concrete examples (see for 
example gmiziEniEHiiHii and the references therein]). 

We present below two elementary examples of Martin compactihcations. 
In Section uni we discuss a recent result on the Martin compactification of a 
general periodic operator on 

Example 2.13. Let 11 be a smooth bounded domain in and assume 
that the coefficients of P are (up to the boundary) smooth. Then d^^l is 
homeomorphic to 911, the euclidian boundary of H, and for any y G 911, 


Kp{x,y) 


duG^{x,y) 
dyG%xo,y) ’ 


( 2 . 6 ) 


where d^ denotes the inner normal derivative with respect to the second 
variable. Note that d^G^{-,y) is the Poisson kernel at y G 911. 

Example 2.14. Consider the equation Hxu := (—A-|-A)u = 0 in M'^. Then 
7 ^ 0 if and only if A > 0. It is well known that PIq = —A is critical 
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on in if and only if d < 2. Moreover, 



r(z^)|x — yp 


(2vr: 


47r^/^ 


|- rf /2 


y/A 

\x - y\ 


Ky{y/\\x - y\) 


A = 0, and d > 3, 
A > 0, 


where u = {d — 2)/2, and is the modified Bessel function of order v. 
Clearly, 

G^‘'^{x,y) 

lim ——5 -= 1. 

\y\^Qo G®^(0, y) 

Therefore, the Martin compactification of with respect to the Laplacian is 
the one-point compactification of M'^, and we obtained the positive Liouville 
theorem: /C_a(K'^) = {!}• 

Suppose now that A > 0. Then for any ^ E 5”^“^, 


lim 

Is/I- 


Giy,y) 


and therefore, the Martin boundary of with respect to H\ is the sphere 
at infinity. Clearly, all Martin functions are minimal. Furthermore, u £ 
if and only if there exists a positive finite measure y on such 

that 

u{x)= [ 

Remark 2.15. We would like to point out that criticality theory and Martin 
boundary theory are also valid for the class of weak solutions of elliptic 
equations in divergence form as well as for the class of strong solutions of 
strongly elliptic equations with locally bounded coefficients. For the sake of 
clarity, we prefer to concentrate on the class of classical solutions. 


3 Perturbations 

An operator P is critical in 12 if and only if any positive supersolution of the 
equation Pu = 0 in 12 is a solution (Corollary EH])- Therefore, if P is critical 
in 12 and V £ is a nonzero, nonnegative function, then for any A > 0 

the operator P + XV is subcritical and P — XV is supercritical in 12. On 
the other hand, it can be shown that subcriticality is a stable property in 
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the following sense: if P is subcritical in Q and V £ has a compact 

support, then there exists e > 0 such that P — XV is subcritical for all 
|A| < e, and the Martin compactifications and ^^e homeomorphic 

for all |A| < e (for a more general result see Theorem Khdl) . Therefore, a 
perturbation by a compactly supported potential (at least with a definite 
sign) is well understood. 

In this section, we introduce and study a few general notions of pertur¬ 
bations related to positive solutions of an operator P of the form (ED) by 
a (real valued) potential V. In particular, we discuss the behavior of the 
generalized principal eigenvalue, (sub)criticahty, the Green function, and the 
Martin boundary under such perturbations. Further aspects of perturbation 
theory will be discussed in the following sections. 

One facet of this study is the equivalence (or comparability) of the cor¬ 
responding Green functions. 

Definition 3.1. Let Pj, j = 1, 2, be two subcritical operators in 12. We say 
that the Green functions and Gp^ are equivalent (resp. semi-equivalent) 
if X Gp^ on n X n \ {(x,x) | x £ 0} (resp. Gp^(-,yo) - G^^{-,yo) on 
n \ {uo} for some hxed yo S ^^)- 

Lemma 3.2 (HU)- Suppose that the Green functions Gp^ and Gp^ are 
equivalent. Then there exists a homeomorphism $ : p^Q such 

that for each minimal point ^ £ d^p^VL, we have iLp^(-,^) x iLp^(-, «h(,f)) 
on 0. Moreover, the cones (it) and Cp. 2 {Tl) are homeomorphic. 

Remarks 3.3. 1. It is not known whether the equivalence of Gp^ and Gp^ 
implies that the cones Cp^(f2) and Cp 2 ( 0 ) are affine homeomorphic. 

2. Many papers deal with sufficient conditions, in terms of proximity 
near infinity in 12 between two given subcritical operators Pi and P 2 , which 
imply that Gp^ and Gp^ are equivalent, or even that the cones Cp^{fl) and 
Cp 2 {Q) are affine homeomorphic, see Theorem KLhI and 
and the references therein]. 

We use the notation 

Ep = Ep{V, P,Tl) := {A £ M I G^_),y and Gp are equivalent } , 

sEp = sEp{V, P, 12) := {A £ M I G^_^y and Gp are semi-equivalent } . 

The following notion was introduced in ESI and is closely related to the 
stability of Cp(I2) under perturbation by a potential V. 
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Definition 3.4. Let P be a subcritical operator in Q, and let V G 
We say that y is a small perturbation of P in if 


lim 


sup f 

x,yen*Jn* Gp{x,y) 


= 0 . 


(3.1) 


The following notions of perturbations were introduced by M. Murata |4b| . 

Definition 3.5. Let P be a subcritical operator in Q, and let V G 
(i) We say that y is a semismall perturbation of P in 0 if 


lim 

j—>oo 


f G^{xo,z)\V{z)\G^{z,y) ^ 

sup / ---- dz 

y&n*Jn* G^^{xo,y) 


= 0 . 


(3.2) 


(a) We say that F is a G-bounded perturbation (resp. G-semibounded 
perturbation) of P in if there exists a positive constant G such that 

f Gi,{x,z)\V(z)\G%z,y) 

L 5?(W 


for all X, y G n (resp. for some fixed x G and all y G H \ {x}). 

(in) We say that V is an H-bounded perturbation (resp. H-semibounded 
perturbation) of P in 11 if there exists a positive constant G such that 


r G^{x,z)\V{z)\u{z) 

Jn u{x) 


dz<G 


(3.4) 


for all X G H (resp. for some fixed x G H) and all u G Cp(ll). 

(iv) We say that V is an H-integrable perturbation of P in H if 


/ G^{x^ z)\V{z)\u{z) dz < oo (3-5) 

Jn 

for all X G n and all u G Cp(ll). 

Theorem 3.6 f jdGl 1531 154| L Suppose that P is suberitieal in H. Assume 
that V is a small (resp. semismall) perturbation of P* in H. Then P+ = 
(resp. sEp = Sp), and dS = Sq. In particular, Sp is an open interval. 

Suppose that V is a semismall perturbation of P* in H, and X G Sq. Let 
ipo be the corresponding ground state. Then (po Gp(-,xo) in H^. 

Suppose that V is a semismall perturbation of P* in H, and A G 5+. 
Then the mapping 

4'(tt) := u(x) + A / Gp_;,^y(x, z)V(z)u(z) dz (3-6) 

Jn 
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is an affine homeomorphism of Cp{Q) onto Cp-wi^), which induces a 
homeomorphism between the corresponding Martin boundaries. Moreover, 
in the small perturbation case, we have "^{u) inVi for all u G Cp{Q). 

Remarks 3.7. 1. Small perturbations are semismall |4(i| . G-(resp. H-) 
bounded perturbations are G- (resp. H-) semibounded, and -fT-semibounded 
perturbations are R-integrable. On the other hand, if V is R-integrable and 
dimCp(n) < oo, then V is -ff-semibounded |l?)lI52j . 

There are potentials which are R-semibounded perturbations but are 
neither //-bounded nor G-semibounded. We do not know of any example 
of a semismall (resp. G-semibounded) perturbation which is not a small 
(resp. G-bounded) perturbation. We are also not aware of any example 
of a //-bounded (resp. //-integrable) perturbation which is not G-bounded 
(resp. //-semibounded) jHTj . 

2. Any small (resp. semismall) perturbation is G-bounded (resp. G- 
semibounded), and any G-(resp. semi) bounded perturbation is //-(resp. 
semi) bounded perturbation. 

3. If 1/ is a G-bounded (resp. G-semibounded) perturbation of P (resp. 
P*) in Q, then Gp and G^_^y are equivalent (resp. semi-equivalent) pro¬ 
vided that |A| is small enough |4fi[ I52L IKlTj . On the other hand, if Gp and 
Gppy are equivalent (resp. semi-equivalent) and V has a definite sign, then 
1/ is a G-bounded (resp. G-semibounded) perturbation of P (resp. P*) in 
0. In this case, by (12.51) . the set Ep (resp. sEp) is an open half line which 
is contained in Sp m Corollary 3.6]. There are sign-definite G-bounded 
(resp. G-semibounded) perturbations such that Ep ^ 5"+ (resp. sEp ^ 5"+) 
EH Example 8.6], EZl Theorem 6.5]. 

Note that, if E is a G-(resp. semi-) bounded perturbation of P (resp. 
P*) in 1/ and 0 G G“(0) is any function which vanishes at infinity of II, 
then clearly the function Q{x)V{x) is a (resp. semi-) small perturbation of 
the operator P (resp. P*) in H. 

4. Suppose that Gp and Gp_|y| are equivalent (resp. semi-equivalent). 
Using the resolvent equation it follows that the best equivalence (resp. semi¬ 
equivalence) constants of Gp and Gp^|y*| tend to 1 as j —> oo if and only 
if E is a (resp. semi-) small perturbation of P (resp. P*) in II. Therefore, 
zero-order perturbations of the type studied by A. Ancona in [2] provide us 
with a huge and almost optimal class of examples of small perturbations, 
(see also m Ea EH ESI and the references therein]). 

A. Grigor’yan and W. Hansen I3H1 have introduced the following notions 
of perturbations. 
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Definition 3.8. Let P be a subcritical operator in 0, and fix /i £ Cp{i}). A 
nonnegative function V is called h-big on n if any solution v of the equation 
(P + V)v = 0 in n satisfying 0 < v < h is identically zero. V is non-h-big 
on Q ii V is not /i-big on fl. 

Remark 3.9. If V is P-integrable perturbation of P, then it is non-/i-big 
for any h £ Cp{Q) (see ProDosition lll.il) . 

The following notion of perturbation does not involve Green functions. 

Definition 3.10. Let P be a subcritical operator in C A. A function 
V £ is said to be a weak perturbation of the operator P in if the 

following condition holds true. 

{*) For every A £ M there exists A £ N such that the operator P — XV* {x) 
is subcritical in 12 for any n> N. 

A function V £ C“(r2) is said to be a weak perturbation of a critical 
operator P in 12 if there exists a nonzero, nonnegative function W £ Cq (12) 
such that the function lA is a weak perturbation of the subcritical operator 
P + W inn. 

Remarks 3.11. 1. If lA is a weak perturbation of P in 12, then dS = Sq 
and Aoo(P, 12, AV) = oo i|6()j. see also Theorem dj. 

2. If P is a semismall perturbation of P in 12, then \ V\ is a weak pertur¬ 
bation of P in 12, but G-bounded perturbations are not necessarily weak. 

3. Let d > 3. By the Cwikel-Lieb-Rozenblum estimate, if lA £ L'^/^(M'^), 

then |IA| is a weak perturbation of —A in M'^. On the other hand, (1 -|- |x|)“^ 
is not a weak perturbation of —A in while for any e > 0 the function 
(1 -|- is a small perturbation of —A in d > 3 (SI 1^2] • 

4 Indefinite weight 

Consider the Schrodinger operator Hx := —A — ABA in M'^, where A £ M is 
a spectral parameter and BA £ C'^(M'^),BA ^ 0. Since —A is subcritical in 
if and only if d > 3, it follows that for d > 3 the Schrodinger operator 
Hx has no bound states provided that |A| is sufficiently small. On the other 
hand, for d = 1, 2, B. Simon proved the following sharp result. 

Theorem 4.1 ([730. Suppose that d = 1,2, and let W £ C“(M'^),BA ^ 0. 
Then Hx = —A — ABA has a negative eigenvalue for all negative A if and 
only if Jjjjrf BA {x)dx < 0. 
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The following result extends Theorem 14.11 to the case of a weak pertur¬ 
bation of a general critical operator in O. 

Theorem 4.2 ( [60] ) . Let P he a critical operator in fl, and W £ 
a weak perturbation of the operator P in n. Denote by ipo (resp. ip^) the 
ground state of the operator P (resp. P*) in Ll such that <^ 0 ( 2 ^ 0 ) = 1 (resp. 
Pq{xq) = 1). Assume that W£ L^{kl). 

(i) If there exists A < 0 such that P — XW{x) is subcritical in Q, then 


in 


W {x)pq{x)pq{x) dx > 0. 


(a) Assume that for some nonnegative, nonzero function V £ 
there exists A < 0 and a positive constant C such that 


Gpj^y_^^,{x,xo) <Cpo{x) and G%py_^y^{xo,x) < Cpl{x) 


(4.1) 

(4.2) 


for all X £ Q\Qi and A < A < 0. If the integral condition holds true, 
then there exists A < 0 such that P — XW{x) is subcritical in fl. 

(in) Suppose that W is a semismall perturbation of the operators P + V 
and P* + V in fl, where V ^ 0, V £ Gq{LI) . Then there exists A < 0 such 
that P — XW(x) is subcritical in if and only if (j4.1ll holds true. 


5 Large time behavior of the heat kernel 

As was already mentioned in Section |21 the large time behavior of the heat 
kernel is closely related to criticality (see for example Lemma I12I)- In the 
present section we elaborate this relation further more. 

Suppose that Xo{P,Ll, 1) > 0. We consider the parabolic operator L 

Lu = ut + Pu onOx(0, 00 ). (5-1) 

We denote by TCp{Ll x (a, 6)) the cone of all nonnegative solutions of the 
equation Lu = 0 in 0 x (a, 6). Let kp{x,y,t) be the heat kernel of the 
parabolic operator L in 11. 

If P is critical in fl, we denote by po the ground state of P in satisfying 
To{xo) = 1- The corresponding ground state of P* is denoted by p^. 

Definition 5.1. A critical operator P is said to be positive-critical in fl if 
PoPq £ L^[Q), and null-critical in Ll if pop^ 0 L^{Q,). 
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Theorem 5.2 


lim e^°*/cp(x, y,t) = < 

t^OO 


). Suppose that Aq > 0. Then for eaeh x,y G Q 

To{ if P — Xq is positive-critical, 

JnTo{z)(Po{z) 

0 otherwise. 


Moreover, we have the following Abelian-Tauberian type relation 

lim e^°*kp{x,y,t) = lim (Aq - X)G^_^{x,y). (5.2) 

L ^oo A/^Aq 

Remark 5.3. The first part of Theorem 15.21 has been proved by I. Chavel 
and L. Karp m in the selfadjoint case. Later, B. Simon gave a shorter proof 
for the selfadjoint case using the spectral theorem and elliptic regularity m 

We next ask how fast limt^oo y, f) is approached. It is natural 

to conjecture that the limit is approached equally fast for different points 
x,y £ n. Note that in the context of Markov chains, such an (individ¬ 
ual) strong ratio limit property is in general not true M- The following 
conjecture was raised by E. B. Davies m in the selfadjoint case. 


Conjecture 5.4. Let Lu = ut-\- P{x, dx)u be a parabolic operator whieh is 
defined onXlPX. Fix a reference point xq G Q. Then 


lim 

t^oo Pfi{xo,Xo,t) 


a{x,y) 


(5.3) 


exists and is positive for all x,y G LI. 


If Conjecture 15.41 holds true, then for any fixed y G LI the limit function 
a{-,y) is a positive solution of the equation {P — Xo)u = 0 which is (up 
to a multiplicative function) a parabolic Martin function in 7ip{Ll x M_) 
associated with any Martin sequence of the form {y,tn) where tn —oo 
(see EDI ESI and the references therein] for further partial results). 


6 Nonuniqueness of the positive Cauchy 
problem and intrinsic ultracontractivity 

In this section we discuss the uniqueness the Cauchy problem 

iLu := utPu = 0 onOx(0,T), 

< ( 6 - 1 ) 
1 u(x, 0) = tto(x) on 0, 

in the class of nonnegative continuous solutions. So, we always assume that 
uq G C{X), and uq > 0. 
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Definition 6.1. A solution of the positive Cauchy problem in Qt := x [0, T) 
with initial data uq is a nonnegative continuous function in Qt satisfying 
?/(x,0) = uo{x), and Lu = 0 in 12 x (0,T) in the classical sense. 

We say that the uniqueness of the positive Cauchy problem (UP) for 
the operator L in Uj’ holds, when any two solutions of the positive Cauchy 
problem satisfying the same initial condition are identically equal in Ur. 

Let u £ Cp(12). By the parabolic generalized maximum principle, either 



x,y,t)u{y)dy 


u{x) for some (and hence for all) x £ 12, f > 0, (6.2) 


or 

/ k{x,y,t)u{y)dy <u{x) for some (and hence for all) x £ 12, f > 0, (6.3) 

Jn 

see for example m- Note that both sides of (EHl) are solutions of the 
positive Cauchy problem (inii) with the same initial data uq = u. Therefore, 
in order to show that UP does not hold for the operator L in 12, it is sufficient 
to show that (j6.3|) holds true for some u £ Cp(12). It is easy to show |T^ 
that (lO) holds true if and only if there exists A < 0 such that 


-A / G^_y^{x,y)u{y)dy <u{x) (6.4) 

Jn 

for some (and hence for all) x £ 12. Furthermore, it follows from |1S] that 
(lOl) is satisfied if 

[ G^{x,y)uiy)dy<oo (6.5) 

Jn 

for some (and hence for all) x £ 12. Thus, we have: 

Corollary 6.2. Ifl is an H-integrable perturbation of a subcritical operator 
P in 12, then the positive Cauchy problem is not uniquely solvable. 

Remarks 6.3. 1. A positive solution u £ Cp(12) which satisfies (j6.2ll is 
called a positive invariant solution. If PI = 0 and (EH holds for u = 1 one 
says that L conserves probability in 12 (see (SSj). We note that if P is critical, 
then the ground state cpo is a positive invariant solution. It turns out that 
there exists a complete Riemannian manifold X which does not admit any 
positive invariant harmonic function, while Ao(—A, A, 1) = 0 |57| . 

2. For necessary and sufficient conditions for UP, see [saiiH] and the 
references therein. 
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The following important notion was introduced by E. B. Davies and 

B. Simon for Schrodinger operators 111112111231- 

Definition 6.4. Suppose that P is symmetric. The Schrodinger semigroup 
associated with the heat kernel k^{x,y,t) is called intrinsic ultracon- 
tractive (lU) if P — Aq is positive-critical in D with a ground state (po, and 
for each t > 0 there exists a positive constant Ct such that 


Ct ^^oix)<Po{y) < kp{x,y,t) < Ctp>o{x)(po{y) Vx,y E D. 
Remarks 6.5. 1. If e“*^ is lU, then 


lim e^°*A:p(x, y, t) 

t—>CO 


^o{x)ipo{y) 

luiMzWdz 


( 6 . 6 ) 


uniformly in D x D (see for example jSl , cf. Theorem 15.21) . 

2. If D is a bounded uniformly Holder domain of order 0 < a < 2, then 


e is lU on H jH. 

3. Let a > 0. Then is lU on if and only if a > 2. 


Intrinsic ultracontractivity is closely related to perturbation theory of 
positive solutions and hence to UP, as the following recent result of M. Mu- 
rata and M. Tomisaki demonstrates. 


Theorem 6.6 (iMiini). Suppose that P is a subcritical symmetric opera¬ 
tor, and that the Schrodinger semigroup is lU on H. Then 1 is a small 
perturbation of P onTl. In particular, UP does not hold in H. 

On the other hand, there are planner domains such that 1 is a small 
perturbation of the Laplacian, but the semigroup is not lU (see jH 

and |HT]i. 


7 Asymptotic behavior of eigenfunctions 

In this section, we assume that P is symmetric and discuss relationships 
between perturbation theory, Martin boundary, and the asymptotic behavior 
of weighted eigenfunctions in some general cases (for other relationships 
between positivity and decay of Schrodinger eigenfunctions see, mcniiiHi)- 

Theorem 7.1. (i) Let V £ be a positive function. Suppose that P is 

a symmetric, nonnegative operator on V{x)dx) with a domain (^“(H). 

Assume that V is a weak perturbation of the operator P in Ll. suppose that 
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P admits a (Dirichlet) selfadjoint realization P on L?‘{Q.,V{x)dx). Then P 
has a purely discrete nonnegative speetrum (that is, (Tess(-P) = %)■ Moreover, 

~ '^discrete(-P) ~ <7point(-P) — {-^n}n=0! 


where lim^^oo-^n = oo. In particular, if Xq := Xq{P,Q,V) > 0, then the 
natural embedding E : TL —> L?‘{Vt,,V{x)dx) is eompaet, where Ti is the 
completion of {IT) with respect to the inner product induced by the cor¬ 
responding quadratie form. 

(ii) Assume further that P is subcritieal and V is a semismall pertur¬ 
bation of the operator P in Tl. Let {ipnfffLQ be the set of the corresponding 
eigenfunctions (Pipn = XnVipn). Then for every n > 1 there exists a positive 
constant Cn such that 

\Tn{x)\ < Cn^Poix). (7.1) 

(Hi) For every n>l, the function Pnlpo has a continuous extension i^n 
up to the Martin boundary dpQ, and ijjn satisfies 


V’n(O = (V’0(O) X/ K^iz,^)V{z)pniz)dz 

Jn 


^nJ^Kpiz, QV{z)(pn{z)dz 
^offi-fCpiz, i)V{z)po{z)dz 


for every G dpLl, where fjQ is the continuous extension of po/G^{-, xq) to 
the Martin boundary dpLl. 

Remarks 7.2. 1. By ED, the semigroup e is lU if and only if the point- 
wise eigenfunction estimate (HD holds true with Cn = ctexp{tXn)\\pn\\ 2 , 
for every t > 0 and n > 1. Here ct is a positive function of t which may be 
taken as the function snch that kp{x,y,t) < ct(po{x)(po{y): where kp is the 
corresponding heat kernel. It follows that if e“*^ is lU, then the pointwise 
eigenfunction estimate (EU) holds true with Cn = inft>o{ct exp(tAn)}||<^n|| 2 - 
We note that in general {Cn} is unbounded m- 

Recall that if e“*^ is lU, then 1 is a small perturbation of P (see Theo¬ 
rem HHl). In particular, part (hi) of Theorem 17.1 1 implies that if e“*^ is lU, 
then for any n > 1, the quotient (fnlpo has a continuous extension ipn up 
to the Martin boundary d^H. 

2. M. Mnrata |11] proved part (ii) of Theorem 17.II for the special case of 
bounded Lipschitz domains. See also m for related results on the asymp¬ 
totic behavior of eigenfunctions of Schrodinger operators in M'^. 
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8 Localization of binding 


Let V G C'“(M'^) and R G throughout this section we use the notation 
V^{x) := V(x — R). For j = 1,2, let Vj be small perturbations of the 
Laplacian in > 3, and assume that the operators Pj := —A + Vjix) 

are nonnegative on We consider the Schrodinger operator 

PR:=-A + Vi{x) + V^^ix) ( 8 . 1 ) 

dehned on and its ground state energy E{R) := Ao(F’r, 1). In this 
section we discuss the asymptotic behavior of E{R) as \R\ oo, a problem 
which was studied by M. Klaus and B. Simon in isa nn (see also [sa 
IHSji. The motivation for studying the asymptotic behavior of E{R) comes 
from a remarkable phenomenon known as the Efimov effect for a three-body 
Schrodinger operator (for more details, see for example |8r)]i. 

Definition 8.1. Let d> 3. The space of functions 


KX ■■= {V 


^)| lim sup / 


\Viz)\ 


J\z\>M 


X — z 


d-2 


dz = 0 


( 8 . 2 ) 


is called the Kato class at infinity. 


Remark 8.2. Let d > 3. If K G then K is a small perturbation of the 
Laplacian in M'^. 

Theorem 8.3 (|56j). Let d > 3. For j = 1,2, let Vj{x) G iL“ be two 
functions such that the operators Pj = —A -|- Vj{x) are subcritical in 
Then there exists tq > 0 such that the operator Pr is subcritical for any 
R GW^\ il(0, ro). In particular, E{R) = 0 for all |R| > cq. 

Assume now that the operators Pj = —A + Vj{x), j = 1, 2, are critical in 
It turns out that in this case, there exists rg > 0 such that E{R) < 0 for 
\R\ > xq, but the asymptotic behavior of E{R) depends on the dimension d, 
as the following theorems demonstrate (cf. |38[ the remarks in pp. 84 and 
87]). 

Theorem 8.4 ({80j). Let d = 3. Assume that the potentials Vj, j = 1,2 
satisfy |Vj(x)| < C{x)~^ on where {x) := (1 + (5 > 2, and 

C > 0. Suppose that Pj = —A + Vj{x) is critical in E^ for j = 1, 2. 

Then there exists ro > 0 such that the operator Pr is supercritical for 
any R G E^ \ il(0,ro). Moreover, E{R) satisfies 

lim \R\‘^E{R) = -13^ < -1/4, (8.3) 

|ii|—>oo 


where (5 is the unique root of the equation s = e 
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Theorem 8.5 ([58|). Let d = 4. Assume that for j = 1,2 the operators 
Pj = —A + Vj{x) are critical in where Vj G Cq (M^). 

Then there exists tq > 0 such that the operator is supercritical for 
any R G \ 5(0, ro). Moreover, there exists a positive constant C such 
that E{R) satisfies 

-C\R\-^ < E{R) < -C-^\R\-^{\og |5|)-^ for all |5| > tq. (8.4) 

Theorem 8.6 ( [56j ). Let d > 5. Suppose that Vj, j = 1,2 satisfy |lj(x)| < 
C{x)~f^ in where (3 > d — 2, and C > 0. Assume that the operators 
Pj = —A + Vj{x), j = 1,2, are critical in 

Then there exists tq > 0 such that the operator Pr is supercritical for 
any R G \ 5(0, ro). Moreover, there exists a positive constant C such 
that E{R) satisfies 

-C\R\‘^-'^ < E{R) <-C-^\R\‘^-'^ for all\R\>ro. (8.5) 

What distinguishes d> 5 from d = 3,4, is that for a short-range potential 
V, the ground state of a critical operator —A -|- V{x) in is in L^(M'^) if 
and only if d > 5 (see m and Theorem ES|. 

9 The shuttle operator 

In this section we present an intrinsic criterion which distinguishes between 
subcriticality, criticality and supercriticality of the operator P in Ll. This 
criterion depends only on the norm of a certain linear operator S, called the 
shuttle operator which is defined on C{dD), where D Ll. 

The shuttle operator was introduced for Schrodinger operators on in 
da cni ESI iHH- Using Feynman-Kac-type formulas m, F. Gesztesy and 
Z. Zhao da El have studied the shuttle operator for Schrodinger operators 
in with short-range potentials (see also m), and its relation to the 
following problem posed by B. Simon. 

Problem 9.1 ( |T5l [76]). Let V G Lj^q^(M^). Show that if the equation 
(—A-|-U)u = 0 on admits a positive L°^-solution, then — A-|-U is critical. 

Gesztesy and Zhao used the shuttle operator and proved that for short- 
range potentials on the above condition is a necessary and sufficient 
condition for criticality (see also m and Theorem EH for similar results, 
and Theorem II 1.21 for the complete solution). On the other hand, Gesztesy 
and Zhao showed in da Example 4.6] that there is a critical Schrodinger 
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operator on M with ‘almost’ short-range potential such that its ground state 
behaves logarithmically. 

Let P be an elliptic operator of the form (EH) which is defined on O. 
We assume that the following assumption (A) holds: 

(A) There exist four smooth, relatively compact subdomains Qj, 0 < j < 3, 
such that Qj C j = 0,1,2, and such that Cp{Q 3 ) ^ 0 and 

Cp{^q) / 0. 

Remarks 9.2. 1. If assumption (A) is not satished, then we shall say that 
the spectral radius of the shuttle operator is infinity. In this case, it is clear 
that P is supercritical in fl. 

2. Assumption (A) does not imply that Cp{Q) ^ 0. 

Fix an exhaustion such that satisfy assumption (A) 

for 0 < J < 3. By assumption (A) the Dirichlet problem 

Pu = 0 in 0.2, u = f on 80,2 (9-1) 

is uniquely solved in O 2 for any / £ C{d 02 ), and we denote the corre¬ 
sponding operator from C{d02) into C{02) by Moreover, for every 

/ G (7(9111), one can uniquely solve the exterior Dirichlet problem in the 
outer domain D|, with ‘zero’ boundary condition at infinity of 0. So, we 
have an operator Tq* : C{dOi) (7(D^) defined by 

Tn*J{x) := lim Ufj{x), 

where ujj is the solution of the Dirichlet boundary value problem: 

Pu = 0 in n Dj, u = f on dO^, u = 0 on n Dj) \ 

For any open set D and F d D, we denote by Rp the restriction map 
/ I—> /I i? from (7(D) into (7(F). shuttle operator S : (7(9Di) —> (7(9Di) 
is defined as follows: 

S := . ( 9 . 2 ) 

We denote the spectral radius of the operator S by r(S). We have 

Theorem 9.3 ( [59) L The operator P is subcritical, critical, or supercritical 
in 0 according to whether r{S) < 1, r{S) = 1, or r{S) > 1. 
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The proof of Theorem 19.,SI in m is purely analytic and relies on the 
observation that (in the nontrivial case) S' is a positive compact operator 
defined on the Banach space (7(5^1). Therefore, the Krein-Rutman theorem 
implies that there exists a simple principal eigenvalue uq > 0, which is equal 
to the norm (and also to the spectral radius) of S, and that the corresponding 
principal eigenfunction is strictly positive. It turns out, that the generalized 
maximum principle holds in any smooth subdomain D d fl if and only if 
t'o < 1) and that t'o < 1 if and only if P admits a positive minimal Green 
function in Q. 

The shuttle operator can be used to prove localization of binding for 
certain nonself adjoint critical operators (see m)- 

10 Periodic operators 

In this section we restrict the form of the operator. Namely, we assume 
that P is defined on and that the coefficients of P are Z'^-periodic. For 
such operators, we introduce a function A that plays a crucial role in our 
considerations. Its properties were studied in detail in 0 EH EH Eni EZj. 
Consider the function A : ^ M defined by the condition that the equation 

Pu = A(^)u on has a positive Bloch solution of the form 

u^{x) = (10.1) 

where ^ and is a positive Z'^-periodic function. 

Theorem 10.1. 1. The value A{f^) is uniquely determined for any . 

2. The function A is bounded from above, strictly concave, analytic, and 
has a nonzero gradient for any ^ except at its maximum point. 

3. For ^ consider the operator P{f,) := e~^'^Pe^'^ on the torus 

T'^. Then A(0 is the principal eigenvalue of P{C) with a positive 
eigenfunction Moreover, is algebraically simple. 

4 . The Hessian 0 /A(^) is nondegenerate at all points ^ £ M'^. 

Let us denote 

Aq = maxA(^). (10.2) 

It follows from 0i3iiinii that Aq = Aq, and that P — Aq is critical if and 
only if d = 1,2 (see also Corollary I1 1 .,^1) . Thus, in the self-adjoint case, Aq 
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coincides with the bottom of the spectrum of the operator P. Assume that 
Aq > 0. Then Theorem IK). II implies that the zero level set 

“ = G A(0 = 0 } (10.3) 

is either a strictly convex compact analytic surface in of dimension d — 1 
(this is the case if and only if Aq > 0), or a singleton (this is the case if and 
only if Aq = 0). 

In a recent paper inni, M. Murata and T. Tsuchida have studied the exact 
asymptotic behavior at infinity of the positive minimal Green function and 
the Martin boundary of such periodic elliptic operators on 

Suppose that Aq = A(^o) > 0- Then P is subcritical, and for each s in 
the unit sphere 5"^“^ there exists a unique G H such that 


6 • s = sup{C • s}. 


For sGS''^ ^ take an orthonormal basis of of the form {es,i, • • •, s}. 

For G let and be periodic positive solutions of the equation 
P{C)u = A(^)ri and P*{^)u = A(^)m on respectively, such that 


/jd 


dx = 1. 


Theorem 10.2 (|50|I. 1. Suppose that Aq > 0. Then the minimal Green 
funetion Gp of P on has the following asymptotics as |x — y| —> oo.' 


gh 


|VA(e.)|('='-3)/2 








where s := (x — y)/\x — y\. 

2. Suppose that Aq = A(^o) = 0 o,nd d > 3. Then the minimal Green 
funetion G^‘‘ of P on has the following asymptotics as \x — y\ ^ 00 : 


ix,y)= 




{det [HessA(^o)]}^^^|[—HessA(^o)]“^/^(a^ — 


^[l+0 {\x-y\ ^)]. 


Combining the results in [siEni, we have the following Martin represen¬ 
tation theorem. 


Theorem 10.3 (|^ i50| I. Let H be the set of all ^ G such that the 
equation Pu = 0 admits a positive Bloch solution u^{x) = e^'^ip^{x) with 
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(^^(0) = 1. Then u is a positive Bloch solution if and only if u is a mini¬ 
mal Martin function of the equation Pu = Q in Moreover, all Martin 
functions are minimal. Furthermore, u G if and only if there exists 

a positive finite measure fj. on E such that 

u{x) = j^u^{x) dp,{i). 

Theorem ll().;-}l (except the result that all Martin functions are minimal) 
was extended by V. Lin and the author to a manifold with a group action 
EH. It is assumed that X is a noncompact manifold equipped with an 
action of a group G such that GV = X for a compact subset V ^ X, and 
that the operator P is a G-invariant operator on X of the form If 

G is finitely generated, then the set of all normalized positive solutions of 
the equation Pu = 0 in X which are also eigenfunctions of the G-action 
is a real analytic submanifold H in an appropriate finite-dimensional vector 
space TC. Moreover, if H is not a singleton, then it is the boundary of a 
strictly convex body in TC. If the group G is nilpotent, then any positive 
solution in Cp(X) can be uniquely represented as an integral of solutions 
over H. In particular, u G Cp{X) is a positive minimal solution if and only 
if it is a positive solution which is also an eigenfunction of the G-action. 

11 Liouville theorems for Schrodinger operators 
and Criticality 

The existence and nonexistence of nontrivial bounded solutions of the equa¬ 
tion Pu = 0 are closely related to criticality theory as the following results 
demonstrate (see also Section EH). 

Proposition 11.1 ( [31] . [HTl Lemma 3.4]). Suppose that V is a nonzero, 
nonnegative function such that V is an H-integrable perturbation of a sub- 
critical operator P in Q and let u G Cp(n). Then for any e > 0 there exists 
Us G Cp+svi^) which satisfies 0 < Us < u and the resolvent equation 

Us(x) = u(x) — £ / Gp_^_^y(x, z)V(z)u(z) dz. (11-1) 

Jn 

In particular, if PI = 0, then for any e > 0 the operator P -\- eV admits a 
nonzero bounded solution. 

In |18[ Theorem 5], D. Damanik, R. Killip, and B. Simon proved a result 
which, formulated in the following new way, reveals a complete answer to 
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Problem l9.ll posed by B. Simon in [721 EHl (see also and Theorem K-i.bl) . 

An alternative proof based on criticality theory is presented below. 

Theorem 11.2 1 118|1. Let d = 1 or 2, and q G Suppose that 

Hq := —A + q has a bounded positive solution in If V G 

and both Hq±y > 0, then V = 0. In other words, Hq is critical. 

Proof. Theorem 12.101 implies that we should indeed show that Hq is criti¬ 
cal. Assume that Hq is subcritical. Take a nonzero nonnegative W with 
a compact support. Then by Theorem I0.6L there exists e > 0 such that 
Hq_^y\r > 0. Let M < N. For d = 1 take the cutoff function 


aM,N{x) 


'0 
< 1 

1 _ \x\-M 
^ N-M 


|x| > N, 

|x| < M, 

M < |x| < N, 


and for d = 2 


aM,N{x) 


'0 
< 1 

log log |a:| 
< log TV—log M 


|x| > N, 

|x| < M, 

M < |x| < N. 


Let be a positive bounded solution of the equation HqU = 0 in Then 
for appropriate N, M with M, A —> oo (see d), we have 


0<C<£ W{aM,N'ipf dx < [\V + q{aM,N'ipf] <ix = 

jRd JjRd 

[ |VaM,ArpV’^dx ^ 0, 

jRd 

and this is a contradiction. □ 

R.emarks 11 ..S. 1. Theorem I1 1 .21 is related to Theorem 1.7 in m which 
claims that for d = 1,2, if Hq admits a bounded solution that changes its 
sign, then Ao<0. This claim and Theorem II 1 .21 do not hold for (i>3 |1 f)j . 

2. For other relationships between perturbation theory of positive solu¬ 
tions and Liouville theorem see isaEsi. 

After submitting the first version of the present article to the editors, we 
proved the following result which generalized Theorem ll 1 .2l a,nd the Liouville 
type theorems in HU- 
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Theorem 11.4 (m)- Let H C X be a domain. Consider two Schrodinger 
operators defined on H of the form 

p. ;= _v . {AjV) + Vj j = 0,1, (11.2) 

such that Vj G for some p > d/2, and Aj : Ll ^ are measur¬ 

able matrix valued functions such that for any K Q there exists fvx > 1 
such that 

Aj{x) < HKld Vx E X, (11.3) 

where Id is the d-dimensional identity matrix. 

Assume that the following assumptions hold true. 

(i) The operator Pi is critical in 11. Denote by ip ^ Cp^(ll) its ground 
state. 

(a) Ao(i^O)^^)l) > 0, and there exists a real function E such 

that '0+ / 0, and Pofi <0 in Ll, where u+(x) := max{0, m(x)}. 

(in) The following matrix inequality holds 

iIP‘{x)Aq{x) < CpP‘{x)Ai{x) a. e. in Ll, (11-4) 

where C > 0 is a positive constant. 

Then the operator Pq is critical in Ll, and fi is its ground state. In particular, 
dimCp(,(ll) = 1 and Xo{Po, Ll, 1) = 0. 

The proof of Theorem II 1 .41 relies on Theorem 113.(11 

Corollary 11.5 ( [ 67 | ) . Assume that the coefficients of the elliptic operator 
P := —V • (AV) + V are -periodic on M'^. Then the operator P — Xq is 
critical in if and only if d < 2. 

Remark 11.6. One can use |U to extend Corollary 111.51 to the case of 
equivariant Schrodinger operators on cocompact coverings. Let X be a 
noncompact nilpotent covering of a compact Riemannian manifold. Suppose 
that P := —A + F is an equivariant operator on X with respect to its 
nilpotent deck group G. Then P — Aq is critical in X if and only if G has a 
normal subgroup of finite index isomorphic to for d <2. 
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12 Polynomially growing solutions and Liouville 
Theorems 

Let H = —A + Fbea Schrodinger operator on Then Snol’s theorem 
asserts that, under some assumptions on the potential V, H admits a 
polynomially growing solution of the equation Hu = 0 in then 0 G (y{H). 
Snol’s theorem was generalized by many authors including B. Simon, see for 
example [niiTS] and CD. 

In [SnillDl the structure of the space of all polynomially growing solutions 
of a periodic elliptic operator (or a system) of order m on an abelian cover 
of a compact Riemannian manifold was studied. An important particular 
case of the general results in inn HOI is a real, second-order Z'^^-periodic 
elliptic operator P of the form (HU) which is defined on M”*. In this case, we 
can use the information about positive solutions of such equations described 
in Section uni and the results of HH] to obtain the precise structure and 
dimension of the space of polynomially growing solutions. 

Definition 12.1. 1. Let N > 0. We say that the Liouville theorem of order 
N for the equation Pu = 0 holds true in M'’*, if the space \n{P) of solutions 
of the equation Pu = 0 in M'’* that satisfy |n(x)| < (7(1-|- |x|)'^ for all x 
is of finite dimension. 

2. The Fermi surface Fp of the operator P consists of all vectors C G C'’* 
such that the equation Pu = 0 has a nonzero Bloch solution of the form 
u{x) = e^^'^p{x), where p is a Z'’*-periodic function. 

For a general Z'^-periodic elliptic operator P of any order, we have: 

Theorem 12.2 ([39] I. 1. If the Liouville theorem of an order N > 0 
for the equation Pu = 0 holds true, then it holds for any order. 

2. The Liouville theorem holds true if and only if the number of points in 
the real Fermi surface Fp nR'^ is finite. 

For second-order operators with real coefficients, we have: 

Theorem 12.3 ([39|L Let P he a -periodic operator on M'’* of the form 
HU such that Aq > 0. Then 

1. The Liouville theorem holds vacuously i/A(0) > 0, i.e., the equation 
Lu = 0 does not admit any nontrivial polynomially growing solution. 

2. If A(0) = 0 and Aq > 0, then the Liouville theorem holds for P, and 

dimV^(P)= ( ^ + 
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3. If A(0) = 0 and Aq = 0, then the Liouville theorem holds for P, and 

which is the dimension of the space of all harmonic polynomials of 
degree at most N in d variables. 

4- Any solution u G Vn^P) of the equation Pu = 0 can be represented as 

u{x) = x^pj{x) 

\j\<N 

with -periodic functions pj. 

13 Criticality theory for the ]9-Laplacian with po¬ 
tential term 

Positivity properties of quasilinear elliptic equations defined on a domain 
0 C and in particular, those with the p-Laplacian term in the principal 
part, have been extensively studied over the recent decades (see for example 
[3 El iSl Uni 01IH21 and the references therein). 

Let p G (l,oo), and let O be a general domains in Denote by 
Ap{u) := V • (|Vn|^“^Vn) the p-Laplacian operator, and let V G be 

a given (real) potential. Throughout this section we always assume that 

Q{u):= [ (|Vn|P + l/|un dx > 0 Vn G Co“(D), (13.1) 

Jn 

that is, the functional Q is nonnegative on C“(D). In |66j . K. Tintarev and 
the author studied (sub)criticality properties for positive weak solutions of 
the corresponding Euler-Lagrange equation 

-Q'iv) := —Ap(v) + V\vf’~‘^v = 0 in D, (13.2) 

p 

along the lines of criticality theory for second-order linear elliptic operators 
that was discussed in sections HH 

Definition 13.1. We say that the functional Q is suhcritical in D (or Q is 
strictly positive in D) if there is a strictly positive continuous function W in 
D such that 

Qiu)> [ W\u\Pdx VnGCo“(D). (13.3) 

Jn 
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Definition 13.2. We say that a sequence {un} C (7^(12) is a null sequence, 
if "Un > 0 for all n G N, and there exists an open set B Q such that 
/b \un\^ dx = 1, and 

P)dx = 0. (13.4) 

We say that a positive function q? G is a ground state of the functional 

Q in n if is an limit of a null sequence. If Q > 0, and Q admits 

a ground state in Q, we say that the functional Q is eritical in 12. The 
functional Q is supercritical in 12 if Q ^ 0 on (7^(12). 

The following is a generalization of the Allegretto-Piepenbrink theorem. 

Theorem 13.3 (see Bil). Let Q he a functional of the form \1S.1\) . Then 
the following assertions are equivalent 

(i) The functional Q is nonnegative on (7“(12). 

(ii) Equation HO) admits a global positive solution. 

(in) Equation 1123) admits a global positive supersolution. 

The definition of positive solutions of minimal growth in a neighborhood 
of infinity in 12 in the linear case (Definition 12.4j) is naturally extended to 
solutions of the equation Q\u) = 0. 

Definition 13.4. A positive solution u of the equation Q'{u) = 0 in 12* is 
said to be a positive solution of the equation Q'{u) = 0 o/ minimal growth in 
a neighborhood of infinity in 12 if for any v G <7(12^ U c212;) with I > j, which 
is a positive solution of the equation Q'{u) = 0 in 12^, the inequality u < v 
on dLli, implies that u < v on Li). 

If 1 < p < d, then for each xq G 12, any positive solution v of the 
equation Q'{u) = 0 in a punctured neighborhood of xq has either a removable 
singularity at xq, or 


lim Q{un) = lim / {\Vun\^ + V\ur. 


|x — P < d, 

-log|x-xo| p = d, 


as X 




(13.5) 


where a{d,p) := {p—d)/{p — l), and f ^ g means that lima,_>a;g [f{x)/g{x)] = 
(7 for some (7 > 0 (see m for p = 2, and [sni uni Ea 1^ for 1 < p < d). 
The following result is an extension to the p-Laplacian of Theorem 12.51 

Theorem 13.5 ( |66 |). Suppose that 1 < p < d, and Q is nonnegative on 
(7^(12). Then for any xq G 12 the equation Q'{u) = 0 has (up to a multiple 
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constant) a unique positive solution v in Q\ {xq} of minimal growth in a 
neighborhood of infinity in ri. Moreover, v is either a global minimal solution 
of the equation Q'{u) =t) inVi, or v has a nonremovable singularity at xq. 

The main result of this section is as follows. 


Theorem 13.6 (|66j). Let 0 C 6e a domain, V G and p G 

(l,oo). Suppose that the functional Q is nonnegative on Then 


(a) The functional Q is either subcritical or critical in 

(b) If the functional Q admits a ground state v, then v satisfies MS. 

(c) The functional Q is critical in Q if and only if miw admits a unique 
positive supersolution. 

(d) Suppose that 1 < p < d. Then the functional Q is critical (resp. 
subcritical) in if and only if there is a unique (up to a multiplicative 
constant) positive solution ifQ (resp. Gg(-,xo)J of the equation Q'{u) = 
0 in Il\ {xo} which has minimal growth in a neighborhood of infinity 
in n and has a removable (resp. nonremovable) singularity at xq. 


(e) Suppose that Q has a ground state ipQ. Then there exists a positive 
continuous function W in such that for every G satisfying 

fiipo dx 7 ^ 0 there exists a constant C > Q such that the following 
Poincare type inequality holds: 



P r 

> C-^ / W\u\'Pdx 
Jn 


yuGC^in). (13.6) 


Remarks 13.7. 1. Theorem ll3.6l extends j65[ Theorem 1.5] that deals with 
the linear case p = 2. The proof of Theorem II 3.61 relies on the (generalized) 
Picone identity UU- 

2. We call Gq(-,xo) (after an appropriate normalization) the positive 
minimal p-Green function of the functional Q in M with a pole at xq. 

3. Suppose that p = 2, and that there exists a function if G and 

C e M such that 


Q{u) + C 


I 

Jn 


ijjudx 


> 0 


Vu G 




m, 


(13.7) 


then the negative L^-spectrum of Q' is either empty or consists of a single 
simple eigenvalue. 
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We state now several positivity properties of the functional Q in parallel 
to the criticality theory presented in sections I2H1I For V G we use 

the notation 

Qv{u) := [ {\Vu\P + V\u\P)dx (13.8) 

Jn 

to emphasize the dependence of Q on the potential V. 

Proposition 13.8. Let Vj G j = 1,2. If V 2 ^ Vi and Qvi > 0 in 

Ll, then Qy^ is subcritical in Ll. 

Proposition 13.9. Let fli C 112 be domains in such that II 2 \ Hi 7 ^ 0- 
Let Qv be defined on 

1. If Qv > 0 on C^{Ll 2 ), then Qy is suhcritieal in Hi. 

2. If Qv is eritieal in Hi, then Qy is supercritical in H 2 . 

Proposition 13.10. Let Vq, Vi G Vq Vi. For s gM. we denote 

Qs{u) := sQvfiu) + (1 - s)Qvfiu), (13.9) 

and suppose that Qy. > 0 on for j = 0,1. 

Then the functional Qg > 0 on for all s G [0,1]. Moreover, if 

Fb Vi, then Qs is subcritical in H for all s G (0,1). 

Proposition 13.11. Let Qy be a subcritical in H. Consider Vq G L°°(H) 
such that Vb ^ 0 and suppVb ^ H. Then there exist 0 < < 00 , and 

—00 < r_ < 0 such that QwsVo is subcritical in H for s G (r_,r+), and 
Qwr+Vo is critical in H. Moreover, r_ = —00 if and only ifVo < 0. 

Proposition 13.12. Let Qy be a critical functional in H, and let cpo be the 
corresponding ground state. Consider Vb G L°°(H) such that suppVb <£ H. 
Then there exists 0 < r_|_ < 00 such that QyysVn is subcritical in H for 
s G (0,r+) if and only if 

/ Vo{x)ipq{x)p dx > Q. (13.10) 

Jn 
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